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ON THE FUNDAMENTAL GROUP OF THE
COMPLEMENT OF TWO TANGENT CONICS AND
AN ARBITRARY NUMBER OF TANGENT LINES
MEIRAV AMRAM1,2, DAVID GARBER2 AND MINA TEICHER
Abstract. We compute the fundamental groups of the comple-
ments of the family of real conic-line arrangements with up to two
conics which are tangent to each other at two points, with an ar-
bitrary number of tangent lines to both conics. All the resulting
groups turn out to be big.
Keywords: Conic-line arrangement, braid monodromy, fundamental
group, tangent.
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1. Introduction
Line arrangements as simply as they are, carry many open ques-
tions around them (including topological and combinatorial questions),
which are slowly solved. In this paper, we go up to conic-line arrange-
ments, where the parallel questions about them are even less under-
stood.
We prove here a general theorem on the fundamental group’s struc-
ture of complements of families of conic-line arrangements. The only
known results so far in this direction are [4] and [5].
In general, the fundamental group of complements of plane curves
is an important topological invariant with many different applications.
Unfortunately, it is hard to compute.
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This invariant was used by Chisini [8], Kulikov [13] and Kulikov-
Teicher [14] in order to distinguish between different connected com-
ponents of the moduli space of surfaces of general type.
Moreover, Zariski-Lefschetz hyperplane section theorem (see [15])
stated that
pi1(P
N − S) ∼= pi1(H −H ∩ S),
where S is an hypersurface and H is a generic 2-plane. Since H∩S is a
plane curve, we can compute pi1(P
N−S) in an easier way, by computing
the fundamental group of the complement of a plane curve.
A different direction for the need of fundamental groups’ computa-
tions is for getting more examples of Zariski pairs ([26],[27]). A pair
of plane curves is called a Zariski pair if the two curves have the same
combinatorics (i.e. the same singular points and the same arrangement
of irreducible components), but their complements are not homeomor-
phic. Some examples of Zariski pairs can be found at [6], [7], [9], [10],
[21], [22], [23] and [24].
Let Tn,m be the family of real conic-line arrangements in CP
2 with
up to two conics, which are tangent to each other at two points, and
with an arbitrary number of tangent lines to each one of the conics.
The main result of this paper is the computation of the fundamental
group pi1(CP
2 − Tn,m):
Theorem 1.1. Let Q1, Q2 be two tangent conics in CP
2 and let {Li}
n
i=1
and {L′j}
m
j=1 be n and m lines which are tangent to Q2 and Q1 respec-
tively, see Figure 1. Denote:
Tn,m = Q1 ∪Q2 ∪ (
n⋃
i=1
Li) ∪ (
m⋃
j=1
L′j).
Then the fundamental group pi1(CP
2−Tn,m) is generated by the gen-
erators x2 (related to Q1), x5 (related to Q2), x6, . . . , xn+4 (related to
L2, . . . , Ln), xn+5, . . . , xn+m+4 (related to L
′
1, . . . , L
′
m). This group ad-
mits the following relations:
(1) x−1n+5x5xn+5 = x
−1
n+6 · · ·x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6
(2) (x2xi)
2 = (xix2)
2, where i = 5, 6, . . . , n + 4
(3) (x5xi)
2 = (xix5)
2, where n+ 5 ≤ i ≤ n+m+ 4
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n
2
Q1
1
L
Q
L’1 L’m
L
Figure 1. The arrangement Tn,m
(4) [xi, xj ] = e, where 6 ≤ i ≤ n+4 and j = 5, n+5, . . . , n+m+4
(5) [xi, x2x5x
−1
2 ], where 6 ≤ i ≤ n+ 4
(6) [x−12 xix2, xj ] = e, where 6 ≤ i < j ≤ n+ 4
(7) [x2, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(8) [x5x2x
−1
5 , xi] = e, where n+ 5 ≤ i ≤ n+m+ 4
(9) [xn+5, xi] = e, where i = 2, n+ 6, . . . , n+m+ 4
(10) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4.
We exclude here the case where at least one line is tangent to both
conics (in their tangency point).
These arrangements may appear as a branch curve of a generic pro-
jection to CP2 of a surface of general type (see for example [12]).
A group is called big if it contains a subgroup, generated by two or
more generators, which is free. By the above computations, we have
the following corollary:
Corollary 1.2. The fundamental group pi1(CP
2 − Tn,m) is big.
Algorithmically, this paper uses local computations (local braid mon-
odromies and their induced relations, see also [1]), braid monodromy
techniques of Moishezon-Teicher (see [11], [16], [17], [18], [19] and [20]),
the van Kampen Theorem (see [25]) and some group simplifications and
calculations for studying the fundamental groups (see also [2] and [3]).
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Note that the new tool we are using in this paper is to construct the
BMF of the general curve in an inductive way.
The paper is organized as follows. Section 2 deals with the funda-
mental group of a family of curves consisting of a conic and n tangent
lines. In Section 3, we deal with the fundamental group of a family of
curves consisting of two tangent conics and n tangent lines to one of
the conics. In Section 4, we compute the most general case, where we
have two tangent conics and two sets of lines, each of which is tangent
to one of the conics.
In each section, we start with the computation of the braid mon-
odromy of the curves by Moishezon-Teicher techniques and then we
compute the simplified presentation of the fundamental groups by the
van Kampen Theorem and group theoretic calculations.
2. The fundamental group of the complement of a conic
with n tangent lines
In this section, we compute the fundamental group of the comple-
ment of a conic and n tangent lines. We start by illustrating the cases
of one and two lines which are tangent to a conic, and then we present
the computation of the general case of a conic and n tangent lines.
Note that this family of conic-line arrangements was already com-
puted in [5] too (the family is denoted there by Ai). Although the
presentations given here are different from those appeared in [5], it can
be easily shown that the two presentations yield isomorphic groups.
We recompute their presentations here (by different methods) for the
sake of completeness of presentations of conic-line arrangements with
up to two tangent conics. One more reason for this is that it illustrates
the method of computing the braid monodromy factoriazations in an
inductive way, as we will do in the case of two tangent conics and any
number of tangent lines.
In the first subsection, we present the braid monodromy factoriza-
tions of this type of curves and in the next subsection, we compute the
corresponding fundamental groups.
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2.1. Braid monodromy factorizations. Here we compute the braid
monodromy factorizations (BMFs, see [14]) which correspond to a conic
with an arbitrary number of lines tangent to it. We start with some
notations.
Notation 2.1. Let zij (resp. z¯ij) be a path below (resp. above) the
axis, which connects points i and j. We denote by Zij (resp. Z¯ij) the
counterclockwise half-twist of i and j along zij (resp. z¯ij).
We denote Z2i,jj′ = Z
2
ij′ · Z
2
ij and Z
2
ii′,jj′ = Z
2
i′,jj′ · Z
2
i,jj′.
Conjugation of braids is denoted by ab = b−1ab.
Example 2.2. The path in Figure 2(a) is constructed as follows: take
a path z34 and conjugate it by the full-twist Z¯
2
13. Its corresponding half-
twist is Z
Z¯213
34 . The path in Figure 2(b) is constructed as follows: take
again z34 and conjugate it first by Z
2
23 and then by Z
2
13. It corresponding
half-twist is Z
Z223Z
2
13
34 .
(b)
1 12 3 4 2 3 4
(a)
Figure 2. Examples of conjugated braids
Here, we start the computation of the BMFs.
Lemma 2.3. Let Q be a conic in CP2 and let L be a line which is
tangent to Q (see Figure 3). Let C1 = Q ∪ L.
Q
1
2
3
L
Figure 3. The arrangement C1
Then its BMF is ∆2C1 = F1 · (Z11′)
Z−2
1′2, where F1 = Z11′ · (Z
4
12)
Z2
11′ .
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Proof. The computation of the BMF is done in a local model as follows:
we start the computation by taking a typical fiber and enumerate the
points of the curve in this fiber from 1 to n (n is the degree of the given
curve). At this stage, we classify the singularities according to their
types, and we summarize it in a table:
1 P1 1 ∆
1
2
RI2
〈1〉
2 〈2, 3〉 4 ∆2〈2, 3〉
3 〈1, 2〉 1 ∆
1
2
I2R
〈1〉
The second column contains the Lefschetz pairs corresponding to
the singularities. In the third column, we indicate the types of the
singularities, and in the last column we have the corresponding local
diffeomorphisms of the singularities (see [3]).
In the next step, we apply the braid monodromy technique of Moishe-
zon-Teicher [18] (see also [1] and [3]). In Figure 4, we show the skeletons
of the braids, obtained by the technique. Note that we skip some steps
in the braid monodromy’s computation. Note also that at the end of
the computation, we enumerate again the points in the fiber according
to the global settings (for example, the two points of a conic are denoted
by i and i′).
2
1 1’ 2
2)
1 2 3
3)
1
2
1’1
2
3
1)
1 1’
Figure 4. The braid monodromy related to C1
The first braid is Z11′ , the second one is (Z
4
12)
Z2
11′ and the third one
is (Z11′)
Z−2
1′2, and hence the braid monodromy factorization is as stated.
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Lemma 2.4. Let Q be a conic in CP2 and let L1, L2 be two lines which
are tangent to Q (see Figure 5). Let C2 = Q ∪ L1 ∪ L2.
Q
1
23
4
5
L 1
L 2
Figure 5. The arrangement C2
Then its BMF is ∆2C2 = F1 · F2 · (Z11′)
Z−2
1′2
Z−2
1′3, where F1 = Z11′ ·
(Z412)
Z2
11′ and F2 = (Z
2
23)
Z¯212 · Z¯413.
Proof. The table for computing the braid monodromy is:
1 P1 1 ∆
1
2
RI2
〈1〉
2 〈2, 3〉 4 ∆2〈2, 3〉
3 〈3, 4〉 2 ∆〈3, 4〉
4 〈2, 3〉 4 ∆2〈2, 3〉
5 〈1, 2〉 1 ∆
1
2
I2R
〈1〉
In a similar way as in the previous lemma, we get the skeletons for
the braid monodromies presented in Figure 6.
Theorem 2.5. Let Q be a conic in CP2 and let L1, . . . , Ln be n lines
which are tangent to Q. Let Cn = Q ∪
⋃n
i=1 Li (see Figure 7).
Then its BMF is:
∆2Cn = F1 · F2 · · ·Fn · (Z11′)
2∏
i=n+1
Z−21′,i
,
where:
F1 = Z11′ · (Z
4
12)
Z2
11′
and
Fi =
i∏
k=2
(Z2k,i+1)
Z¯−21k · Z¯41,i+1, 2 ≤ i ≤ n.
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34
3)
1 1 1’
2
43 32
4)
1 1 1’ 322 3 4
1 1 1’ 322 3 4
5)
1)
1 1’ 32
2)
2 31 1 1’ 2
Figure 6. The braid monodromy related to C2
Q
1
L 2
L n
L
Figure 7. The arrangement Cn
Proof. We prove it by induction. The cases n = 1, 2 have been proved
in the previous lemmas.
Assume that ∆2Cn is as given above. We will show that:
∆2Cn+1 = F1 · F2 · · ·Fn · Fn+1 · (Z11′)
2∏
i=n+2
Z−21′,i
.
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The sub-factorization F1 · F2 · · ·Fn appears in ∆
2
Cn+1
, since by the
structure of the configuration, the additional line Ln+1 is located to the
left of the rest of the lines L1, . . . , Ln.
Note that by induction, adding the line Ln+1, causes no change in
the factors Fis, 1 ≤ i ≤ n. This is due to the appearance of this line
on the left side of L1, . . . , Ln.
Now we explain the term:
Fn+1 =
( n+1∏
k=2
(Z2k,n+2)
Z¯−21k
)
· Z¯41,n+2.
The first part
∏
(Z2k,n+2)
Z¯−21k is the product of braids which correspond
to the intersection points of Ln+1 with the other lines L1, . . . , Ln. Now,
Z¯41,n+2 is the braid which corresponds to the tangency point of the line
Ln+1 and the conic Q.
We still have to explain the conjugated element. We have:
(Z11′)
Q2
i=n+2 Z
−2
1′,i =
(
(Z11′)
Q2
i=n+1 Z
−2
1′,i
)Z−2
1′,n+2
,
where (Z11′)
Q2
i=n+1 Z
−2
1′,i appears in ∆2Cn . Due to the addition of the line
Ln+1, we have to conjugate this braid by the braid Z
−2
1′,n+2.
2.2. The corresponding fundamental groups. Based on the BMFs
we computed in the previous subsection, we now compute the funda-
mental groups of the affine and projective complements of the curve
Cn.
Lemma 2.6. Let C1 be as in Lemma 2.3 (see Figure 3).
Then we have:
pi1(C
2 − C1) ∼= Z
2 ; pi1(CP
2 − C1) ∼= Z.
Proof. By applying the van Kampen Theorem [25] on ∆2C1 (computed
in Lemma 2.3), we get the following presentation for pi1(C
2 − C1):
Generators: {x1, x1′ , x2}
Relations:
(1) x1 = x1′
(2) (x1′x1x
−1
1′ x2)
2 = (x2x1′x1x
−1
1′ )
2
(3) x1 = x
−1
1′ x
−1
2 x1′x2x1′
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By Relation (1), the generator x1′ is redundant, and by Relations
(1) and (3), we get x1x2 = x2x1. Hence, we have:
pi1(C
2 − C1) = 〈x1, x2 | x1x2 = x2x1〉 ∼= Z
2.
Adding the projective relation x2x1′x1 = e, we easily get:
pi1(CP
2 − C1) ∼= Z.
Lemma 2.7. Let C2 be as in Lemma 2.4 (see Figure 5).
Then:
pi1(C
2 − C2) ∼=
〈
x1, x2, x3
∣∣∣∣∣∣∣
(x1x2)
2 = (x2x1)
2
(x1x3)
2 = (x3x1)
2
[x3, x
−1
1 x2x1] = [x3x2, x1] = e
〉
,
where [a, b] = aba−1b−1 is the commutator element of a and b, and
pi1(CP
2 − C2) ∼= 〈x1, x2 | (x1x2)
2 = (x2x1)
2〉,
where the generator x1 corresponds to the conic and the generators
x2, x3 correspond to the lines.
Proof. By applying the van Kampen Theorem on ∆2C2 (computed in
Lemma 2.4), we get the following presentation for pi1(C
2 − C2):
Generators: {x1, x1′ , x2, x3}
Relations:
(1) x1 = x1′
(2) (x1′x1x
−1
1′ x2)
2 = (x2x1′x1x
−1
1′ )
2
(3) [x3, x2x1′x1x
−1
1′ x2x1′x
−1
1 x
−1
1′ x
−1
2 ] = e
(4) (x2x1′x1x
−1
1′ x
−1
2 x3)
2 = (x3x2x1′x1x
−1
1′ x
−1
2 )
2
(5) x1 = x
−1
1′ x
−1
2 x
−1
3 x1′x3x2x1′
By Relation (1), the generator x1′ is redundant. So we get:
Generators: {x1, x2, x3}
Relations:
(1) (x1x2)
2 = (x2x1)
2
(2) [x3, x2x1x2x
−1
1 x
−1
2 ] = e
(3) (x2x1x
−1
2 x3)
2 = (x3x2x1x
−1
2 )
2
(4) x1 = x
−1
2 x
−1
3 x1x3x2
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By Relation (1), Relation (2) is simplified to [x3, x
−1
1 x2x1] = e. Re-
lation (4) is rewritten as [x1, x3x2] = e. We treat now Relation (3):
x2x1x
−1
2 x3x2x1x
−1
2 x3 = x3x2x1x
−1
2 x3x2x1x
−1
2 .
By the relation [x3, x
−1
1 x2x1] = e, it can be written as:
x2x1x
−1
2 x1x3x3 = x1x3x1x3.
By Relation (4), x2x1x
−1
2 = x
−1
3 x1x3. So, we get (x1x3)
2 = (x3x1)
2.
The addition of the projective relation x3x2x1′x1 = e enables us to
omit the generator x3 = x
−2
1 x
−1
2 . By substituting x3 in any place it
appears, we get the needed presentation for pi1(CP
2 − C2).
Now, we compute the presentation for the general case.
Proposition 2.8. Let Q be a conic in CP2 and let Li (1 ≤ i ≤ n) be
n lines which are tangent to Q (see Figure 7). Let Cn = Q ∪
⋃n
i=1 Li.
Then:
pi1(C
2−Cn) ∼=
〈
x1, x2, . . . , xn+1
∣∣∣∣∣∣∣
(x1xi)
2 = (xix1)
2, 2 ≤ i ≤ n+ 1
[xj , x
−1
1 xix1] = e, 2 ≤ i < j ≤ n + 1
[xn+1 · · ·x3x2, x1] = e
〉
and
pi1(CP
2−Cn) ∼=
〈
x1, x2, . . . , xn+1
∣∣∣∣∣∣∣
(x1xi)
2 = (xix1)
2, 2 ≤ i ≤ n + 1
[xj , x
−1
1 xix1] = e, 2 ≤ i < j ≤ n + 1
xn+1 · · ·x3x2x
2
1 = e
〉
,
where x1 is a generator which corresponds to the conic and x2, . . . , xn+1
are generators which correspond to the n lines.
Proof. In this case, the set of generators for the presentation of the fun-
damental group is {x1, x1′ , x2, . . . , xn+1}. By applying the van Kampen
Theorem on the braid monodromy computed in Theorem 2.5, we get
three types of relations:
(1) From the branch points, we get x1 = x1′ and
x1 = x
−1
1′ x
−1
2 x
−1
3 · · ·x
−1
n+1x1′xn+1 · · ·x3x2x1.
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(2) From the nodal points, we get the following set of relations:
[xj , xj−1xj−2 · · ·x1′x1x
−1
1′ x
−1
2 · · ·x
−1
i−1xixi−1 · · ·x2x1′x
−1
1 x
−1
1′ · · ·x
−1
j−2x
−1
j−1] = e,
where 2 ≤ i < j ≤ n+ 1.
(3) From the tangency points, we get:
(x1x
−1
2 x
−1
3 · · ·x
−1
i−1xixi−1 · · ·x3x2)
2 = (x−12 x
−1
3 · · ·x
−1
i−1xixi−1 · · ·x3x2x1)
2,
where 2 ≤ i ≤ n+ 1.
By the relations of the first type (from the branch points), x1′ is
redundant, and we have: [xn+1 · · ·x3x2, x1] = e.
Now, we simplify the relations of types (2) and (3). In type (3),
we get for i = 2: (x1x2)
2 = (x2x1)
2. In type (2), for i = 2 and
j = 3, we get: [x3, x2x1x2x
−1
1 x
−1
2 ] = e. By (x1x2)
2 = (x2x1)
2, it is
[x3, x
−1
1 x2x1] = e.
Returning again to type (3), for i = 3, we have: (x1x
−1
2 x3x2)
2 =
(x−12 x3x2x1)
2, which is:
(x1x
−1
2 x3x2)(x1x
−1
2 x3x2) = (x
−1
2 x3x2x1)(x
−1
2 x3x2x1).
Since (x1x2)
2 = (x2x1)
2, we have
x1x
−1
2 x3x
−1
1 x
−1
2 x1x2x1x3x2 = x
−1
2 x3x
−1
1 x
−1
2 x1x2x1x3x2x1,
and by [x3, x
−1
1 x2x1] = e, we get:
x1x
−1
2 x
−1
1 x
−1
2 x1x3x2x1x3x2 = x
−1
2 x
−1
1 x
−1
2 x1x3x2x1x3x2x1.
This relation is simplified to (by (x1x2)
2 = (x2x1)
2):
x1x3x2x1x3x2 = x3x2x1x3x2x1.
This relation is:
x1x3x2x1x3 = x3x2x1x3x2x1x
−1
2 .
Using (x1x2)
2 = (x2x1)
2, we have:
x1x3x2x1x3 = x3x2x1x3x
−1
1 x
−1
2 x1x2x1.
Now we add x1x
−1
1 = e:
x1x3(x1x
−1
1 )x2x1x3 = x3x2x1x3x
−1
1 x
−1
2 x1x2x1.
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Since [x3, x
−1
1 x2x1] = e,
x1x3x1x3x
−1
1 x2x1 = x3x2x1x
−1
1 x
−1
2 x1x3x2x1.
And we get (x1x3)
2 = (x3x1)
2.
Now we return again to type (2), for i = 2 and j = 4, we have:
[x4, x3x2x1x2x
−1
1 x
−1
2 x
−1
3 ] = e. By (x1x2)
2 = (x2x1)
2, it is: [x4, x3x
−1
1 x2x1x
−1
3 ] =
e, which is simplified to: [x4, x
−1
1 x2x1] = e, by using [x3, x
−1
1 x2x1] = e.
Now, for i = 3 and j = 4, we have: [x4, x3x2x1x
−1
2 x3x2x
−1
1 x
−1
2 x
−1
3 ] =
e. By (x1x2)
2 = (x2x1)
2, we rewrite it as:
[x4, x3x
−1
1 x
−1
2 x1x2x1x3x
−1
1 x
−1
2 x
−1
1 x2x1x
−1
3 ] = e,
which is (by [x3, x
−1
1 x2x1] = e):
[x4, x
−1
1 x
−1
2 x1x3x2x1x3x
−1
1 x
−1
2 x
−1
3 x
−1
1 x2x1] = e.
Now, by [x4, x
−1
1 x2x1] = e:
[x4, x3x2x1x3x
−1
1 x
−1
2 x
−1
3 ] = e.
By [x3, x
−1
1 x2x1] = e, we get: [x4, x3x1x3x
−1
1 x
−1
3 ] = e and by (x1x3)
2 =
(x3x1)
2, we get [x4, x
−1
1 x3x1] = e.
In the same way, we get the following sets of relations:
(1) [xj , x
−1
1 xix1] = e, where 2 ≤ i < j ≤ n + 1
and
(2) (x1xi)
2 = (xix1)
2 where 2 ≤ i ≤ n+ 1,
as required.
Adding the projective relation xn+1xn · · ·x2x
2
1 = e, the relation
[xn+1 · · ·x3x2, x1] = e
is redundant, so we get the needed presentation for the projective case
too.
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2.3. The groups are big. Following the results of the previous sub-
sections, we have:
Corollary 2.9. The affine and projective fundamental groups of a
conic-line arrangement, composed of one conic and at least two tan-
gent lines, are big.
We have already proved a similar corollary in [1], and for the sake of
completeness, we recall its proof shortly here.
Proof. Observe that if a group has a big quotient, then the group itself
is big.
Denote G = pi1(CP
2 − C2) ∼= 〈a, b | (ab)
2 = (ba)2〉. We show that G
is big. We start by taking the quotient by the relation (ab)2 = e. Then
we get the group 〈a, b | (ab)2 = (ba)2 = e〉.
Let us take new generators x = ab, y = b, then the relation (ab)2 =
(ba)2 = e becomes: x2 = (yxy−1)2 = e, which is equal to: x2 =
yx2y−1 = e. Hence, we have:
〈a, b | (ab)2 = (ba)2 = e〉 ∼= 〈x, y | x2 = e〉 ∼= Z ∗ Z/2,
where ∗ is the free product.
Now, the quotient of G/〈x2 = e〉 by the subgroup generated by y3
is Z/2 ∗ Z/3, which is known to be big. By the observation, G =
pi1(CP
2 − C2) is big too.
Since C2 is a sub-arrangement of Cn, n ≥ 2, the group G = pi1(CP
2−
C2) is a quotient of the group pi1(CP
2−Cn) (by sending the generators
which correspond to the additional lines to e). Now, since G is big, the
above groups are big as well.
The above proof shows that the projective fundamental group of
Cn, n ≥ 2, is big. Since the projective fundamental group is a quo-
tient of the affine fundamental group (by the projective relation), the
corresponding affine fundamental groups are also big, again by the ob-
servation, as needed.
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3. The fundamental group of the complement of two
tangent conics with n tangent lines to the same conic
In this section, we compute the fundamental group of the projective
complement of a curve composed of two tangent conics and n additional
lines, which are tangent to the same conic.
As before, in the first subsection, we present the BMF of this type
of curves and in the second subsection, we compute the corresponding
fundamental groups.
3.1. The braid monodromy factorizations. Let Tn,0 be a conic-
line arrangement, composed of two tangent conics (which are tangent
to each other at two points), and with n additional lines (which are
tangent to the same conic).
We start with the arrangements T0,0, T1,0 and T2,0. Their fundamen-
tal groups have been already computed in [1].
We give here their BMFs:
Lemma 3.1. Let T0,0 be a conic arrangement composed of two conics
which are tangent at two points (see Figure 8).
1
1
2
3
4
5
6
Q2
Q
Figure 8. The arrangement T0,0
The BMF of T0,0 is:
∆2T0,0 = Z34 · Z
4
24 · (Z12)
Z224 · (Z12)
Z223 · Z423 · Z34.
Lemma 3.2. Let T1,0 be a conic-line arrangement composed of two
conics which are tangent at two points, and a line which is tangent to
one of the conics (see Figure 9).
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1
Q2
Q 1
2
3
5
6
79
8
4
Figure 9. The arrangement T1,0
Then its BMF is:
∆2T1,0 = Z45 · Z
2
12 · Z
4
35 · (Z
2
13)
Z235Z
2
12 · (Z23)
Z235 · (Z23)
Z−212 Z
2
34 ·
·(Z415)
Z212 · Z434 · (Z45)
Z−214 Z
2
12 .
Lemma 3.3. Let T2,0 be a conic-line arrangement composed of two
conics which are tangent at two points, and two lines which are tangent
to the same conic (see Figure 10).
1
3
4
5
9
10
11
12
7
8
6
13 Q2
Q1
2
Figure 10. The arrangement T2,0
Then its BMF is:
∆2T2,0 = Z
2
23 · Z56 · Z
4
46 · Z
2
23 · (Z34)
Z223Z
2
46 · (Z34)
Z−223 Z
2
45 · Z445 · (Z
4
26)
Z223 ·
(Z212)
Z226Z
2
23 · Z416 · (Z56)
Z−215 Z
−2
25 Z
2
23 · (Z214)
Z212Z
2
23Z213.
Now, let us consider the conic-line arrangement Tn,0, which is com-
posed of two tangent conics (which are tangent to each other at two
points) and n lines which are tangent to the same conic.
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nL
1
2
Q2 Q1
L
L
Figure 11. The arrangement Tn,0
Proposition 3.4. Let Q1, Q2 be two tangent conics in CP
2 (which
are tangent to each other at two points) and let L1, . . . , Ln be n lines
tangent to Q2 (see Figure 11). Denote
Tn,0 = Q1 ∪Q2 ∪
n⋃
i=1
Li.
Then its BMF is:
∆2Tn,0 = Zn+2,n+3 · (Zn,n+1)
Z2n−1,nZ
2
n+1,n+3 · (Zn,n+1)
Z2n−1,nZ
−2
n+1,n+2 ·
·Z˜n+2,n+3 · Z
4
n+1,n+3 · Z
4
n+1,n+2 ·
(
Z4n−1,n+3
)Z2n−1,n · Z4n+2,n+4 ·
·
n−2∏
i=1
Z4i,n+3 ·
n−2∏
i=1
(Z2i,n−1)
Z2n−1,n+3Z
2
n−1,n ·
n−2∏
i=1
Z˜2i,n+4 ·
·
∏
1≤i<j≤n−2
(Z2i,j)
Z2j,n+3 ·
n−2∏
i=1
Z˜2i,n ·
n−2∏
i=1
Z˜2i,n+1 · Z
2
n−1,n ·
·
(
Z¯2n,n+4
)Z2n−1,n · Z˜2n+1,n+4 · (Z2n−1,n+4)Z2n−1,nZ−2n+3,n+4
The skeletons of the braids Z˜n+2,n+3, Z˜
2
i,n+4, Z˜
2
i,n, Z˜
2
i,n+1 and Z˜
2
n+1,n+4
appear in Figure 12.
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2
~ 2
Z n+2,n+3
i
i
i
~
Z
Z i,n
~ 2
Z i,n+1
~ 2
Z n+1,n+4
~
i,n+4
1 2 n+1 n+4
n
n−1 n+2
1 n+3 n+42 nn−1 n+1 n+2
1 n+3 n+4n−22 nn−1 n+2
1 n+3 n+4n−22 nn−1 n+2n+1
n+1
n−2
n−2 n+3
1 n+3 n+4n−22 nn−1 n+1 n+2
Figure 12. Skeletons for some braids appearing in the
BMF of Tn,0
Before the proof, we have the following remark.
Remark 3.5. The order of the factors in a BMF ∆2 is fixed according
to the order of the locations of the singularities in the curve (see [20]).
Since our goal is to compute fundamental groups, the order of the fac-
tors is irrelevant. Hence, we list here the monodromy factors without
preserving their original order (we join together sets of monodromies
of the same type), and concentrate on finding the relations in the group
by applying the van Kampen Theorem on the monodromies (a similar
convention was also applied in [2], since we were also interested in the
presentation and not in the actual order in the factorization).
Proof of Proposition 3.4. The first four factors in ∆2Tn,0 correspond to
the four branch points in the arrangement.
The next five factors correspond to the tangent points in the arrange-
ment (two of them correspond to the tangency points between the two
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conics, and the others correspond to the tangency points between one
of the conics and the lines).
The last nine factors correspond to the intersections of the lines with
the second conic, and between the lines themselves.
3.2. The corresponding fundamental groups. In this section, we
compute the projective fundamental groups pi1(CP
2 − Tn,0), using the
BMFs we computed in the previous section (as in [1]). The fundamental
groups of the complements of T0,0, T1,0 and T2,0 have been computed
in [1] (Propositions 1.1, 1.2, 1.3), therefore we quote here the results.
Proposition 3.6. Let T0,0 be the curve defined in Lemma 3.1 (see
Figure 8). Then:
pi1(CP
2 − T0,0) ∼= 〈x1, x2 | (x1x2)
2 = (x2x1)
2 = e〉 ∼= Z ∗ Z/2.
Proposition 3.7. Let T1,0 be the curve defined in Lemma 3.2 (see
Figure 9). Then:
pi1(CP
2 − T1,0) ∼= 〈x1, x2 | (x1x2)
2 = (x2x1)
2〉.
Proposition 3.8. Let T2,0 be the curve defined in Lemma 3.3 (see
Figure 10). Then:
pi1(CP
2−T2,0) ∼=
〈
x1, x2, x3 (x2x3)
2 = (x3x2)
2, (x1x3)
2 = (x3x1)
2,
[x1, x2] = [x2, x3x1x
−1
3 ] = e
〉
.
Now we proceed to the general case:
Theorem 3.9. Let Q1, Q2 be two tangent conics in CP
2 (which are
tangent to each other at two points) and let L1, . . . , Ln be n lines tangent
to Q2 (see Figure 11). Denote
Tn,0 = Q1 ∪Q2 ∪
n⋃
i=1
Li,
as in Proposition 3.4. Then:
pi1(CP
2−Tn,0) ∼=
*
x1, . . . , xn, xn+2
˛˛˛
˛˛˛
˛˛˛
˛
(xnxn+2)2 = (xn+2xn)2
(xixn+2)
2 = (xn+2xi)
2, 1 ≤ i ≤ n− 1
[xi, xn] = [xi, xn+2xnx
−1
n+2] = e, 1 ≤ i ≤ n− 1
[xi, xn+2xjx
−1
n+2] = e, 1 ≤ i < j ≤ n− 1
+
.
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The generators x1, . . . , xn−1 correspond to the lines, and the genera-
tors xn and xn+2 correspond to the two conics.
Proof. Applying the van Kampen Theorem on ∆2Tn,0 (computed in
Proposition 3.4), we get the following presentation for pi1(CP
2 − Tn,0):
Generators: {x1, x2, . . . , xn+4}
Relations:
(1) xn+2 = xn+3
(2) xnxn−1xnx
−1
n−1x
−1
n = xn+3xn+1x
−1
n+3
(3) xnxn−1xnx
−1
n−1x
−1
n = x
−1
n+1x
−1
n+2xn+1xn+2xn+1
(4) xn+3 = x
−1
1 x
−1
2 · · ·x
−1
n−2xnx
−1
n−1x
−1
n x
−1
n+3xn+4xn+3xn+2x
−1
n+3x
−1
n+4xn+3xnxn−1x
−1
n xn−2 · · ·x2x1
(5) (xn+1xn+3)2 = (xn+3xn+1)2
(6) (xn+1xn+2)2 = (xn+2xn+1)2
(7) (xnxn−1x
−1
n xn+3)
2 = (xn+3xnxn−1x
−1
n )
2
(8) (xn+2xn+4)2 = (xn+4xn+2)2
(9) (xixn+3)2 = (xn+3xi)2, where 1 ≤ i ≤ n− 2
(10) [xi, xn+3xnxn−1x
−1
n x
−1
n+3] = e, where 1 ≤ i ≤ n− 2
(11) [x−1n+3xn+4xn+3, x
−1
n−1xnxn−1xn−2 · · · xi+1xix
−1
i+1 · · ·x
−1
n−2x
−1
n−1x
−1
n xn−1] = e, where
1 ≤ i ≤ n− 2
(12) [xi, xn+3xjx
−1
n+3] = e, where 1 ≤ i < j ≤ n− 2
(13) [xn, xn−2 · · · xi+1xix
−1
i+1 · · ·x
−1
n−2] = e where 1 ≤ i ≤ n− 2.
(14) [xnx
−1
n−1x
−1
n xn+1xnxn−1x
−1
n , xn−2 · · ·xi+1xix
−1
i+1 · · ·x
−1
n−2] = e, where 1 ≤ i ≤ n− 2
(15) [xn−1, xn] = e
(16) [xnxn−1xnx
−1
n−1x
−1
n , x
−1
n+1x
−1
n+2x
−1
n+3xn+4xn+3xn+2xn+1] = e
(17) [xn+1, x
−1
n+2x
−1
n+4x
−1
n+2xn+4xn+2xn+4xn+2] = e
(18) [xnxn−1x
−1
n , x
−1
n+3xn+4xn+3] = e
(19) xn+4xn+3xn+2xn+1xn · · ·x1 = e (Projective relation).
By Relation (1), the generator xn+3 can be omitted, and we replace
it with xn+2 in any place it appears. Moreover, using Relation (15), we
can simplify many relations, and we get the following presentation.
Generators: {x1, . . . , xn+2, xn+4}
Relations:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn = x
−1
n+1x
−1
n+2xn+1xn+2xn+1
(3) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(4) (xn+1xn+2)2 = (xn+2xn+1)2
(5) (xn−1xn+2)2 = (xn+2xn−1)2
(6) (xn+2xn+4)2 = (xn+4xn+2)2
(7) (xixn+2)2 = (xn+2xi)2, where 1 ≤ i ≤ n− 2
(8) [xn−1, xn] = e
(9) [xi, xn+2xn−1x
−1
n+2] = e, where 1 ≤ i ≤ n− 2
(10) [x−1n+2xn+4xn+2, xnxn−2 · · · xi+1xix
−1
i+1 · · · x
−1
n−2x
−1
n ] = e, where 1 ≤ i ≤ n− 2
(11) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n− 2
(12) [xn, xn−2 · · · xi+1xix
−1
i+1 · · ·x
−1
n−2] = e, where 1 ≤ i ≤ n− 2
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(13) [x−1n−1xn+1xn−1, xn−2 · · ·xi+1xix
−1
i+1 · · ·x
−1
n−2] = e, where 1 ≤ i ≤ n− 2
(14) [xn, x
−1
n+1x
−2
n+2xn+4x
2
n+2xn+1] = e
(15) [xn+1, x
−1
n+2x
−1
n+4x
−1
n+2xn+4xn+2xn+4xn+2] = e
(16) [xn−1, x
−1
n+2xn+4xn+2] = e
(17) xn+4x2n+2xn+1xn · · ·x1 = e.
By Relation (6), Relation (15) is simplified to [xn+1, xn+4] = e. We
combine Relations (4)–(7) together, and Relations (9) and (11) to-
gether. So, we get the following set of relations:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn = x
−1
n+1x
−1
n+2xn+1xn+2xn+1
(3) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(4) (xixn+2)2 = (xn+2xi)2, where i = 1, . . . , n− 1, n+ 1, n+ 4
(5) [xn−1, xn] = e
(6) [x−1n+2xn+4xn+2, xnxn−2 · · · xi+1xix
−1
i+1 · · · x
−1
n−2x
−1
n ] = e, where 1 ≤ i ≤ n− 2
(7) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n− 1
(8) [xn, xn−2 · · · xi+1xix
−1
i+1 · · ·x
−1
n−2] = e, where 1 ≤ i ≤ n− 2
(9) [x−1n−1xn+1xn−1, xn−2 · · ·xi+1xix
−1
i+1 · · ·x
−1
n−2] = e, where 1 ≤ i ≤ n− 2
(10) [xn, x
−1
n+1x
−2
n+2xn+4x
2
n+2xn+1] = e
(11) [xn+1, xn+4] = e
(12) [xn−1, x
−1
n+2xn+4xn+2] = e
(13) xn+4x2n+2xn+1xn · · ·x1 = e.
We treat Relations (8). For i = n−2, we get [xn, xn−2] = e. Then, for
i = n−3, we get [xn, xn−2xn−3x
−1
n−2] = e. By the relation [xn, xn−2] = e,
we can simplify it to [xn, xn−3] = e. If we continue in a decreasing order
of the indices i = n − 4, . . . , 1, we get: [xn, xi] = e for 1 ≤ i ≤ n − 2.
Now we can combine this set with Relation (5).
In a similar way, we can simplify Relations (9) to get for 1 ≤ i ≤ n−2:
[x−1n−1xn+1xn−1, xi] = e.
This simplification gives us the following list of relations:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn = x
−1
n+1x
−1
n+2xn+1xn+2xn+1
(3) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(4) (xixn+2)
2 = (xn+2xi)
2, where i = 1, . . . , n− 1, n+ 1, n+ 4
(5) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(6) [x−1n+2xn+4xn+2, xnxn−2 · · · xi+1xix
−1
i+1 · · · x
−1
n−2x
−1
n ] = e, where 1 ≤ i ≤ n− 2
(7) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n− 1
(8) [x−1n−1xn+1xn−1, xi] = e, where 1 ≤ i ≤ n− 2
(9) [xn, x
−1
n+1x
−2
n+2xn+4x
2
n+2xn+1] = e
(10) [xn+1, xn+4] = e
(11) [xn−1, x
−1
n+2xn+4xn+2] = e
(12) xn+4x2n+2xn+1xn · · ·x1 = e.
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By substituting Relation (1) in Relations (4) for i = n + 1, we get
(xnxn+2)
2 = (xn+2xn)
2. Since the relation (xn+1xn+2)
2 = (xn+2xn+1)
2
is known in Relations (4), Relation (2) is redundant (since comparing
Relations (1) and (2) yields a known relation). Now we substitute
Relation (1) in Relation (9) and we get:
e = [xn+1xnx
−1
n+1, x
−2
n+2xn+4x
2
n+2] = [(x
−1
n+2xnxn+2)xn(x
−1
n+2x
−1
n xn+2), x
−2
n+2xn+4x
2
n+2] =
= [xnxn+2xnx
−1
n+2x
−1
n , x
−1
n+2xn+4xn+2] = [x
−1
n+2xnxn+2, x
−1
n+2xn+4xn+2] = [xn, xn+4].
By Relation (12), we substitute x2n+2xn+1xn · · ·x1 = x
−1
n+4 in [xn, xn+4] =
e. By Relations (1) and (5), this relation can be simplified to (xn+2xn)
2 =
(xnxn+2)
2, which is known, and hence Relation (9) is redundant. So
we get the following set of relations:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(3) (xixn+2)2 = (xn+2xi)2, where i = 1, . . . , n+ 1, n+ 4
(4) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(5) [x−1n+2xn+4xn+2, xnxn−2 · · · xi+1xix
−1
i+1 · · · x
−1
n−2x
−1
n ] = e, where 1 ≤ i ≤ n− 2
(6) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n− 1
(7) [x−1n−1xn+1xn−1, xi] = e, where 1 ≤ i ≤ n− 2
(8) [xn+1, xn+4] = e
(9) [xn−1, x
−1
n+2xn+4xn+2] = e
(10) xn+4(xn+2xn)2xn−1 · · · x1 = e.
We start by simplifying Relations (5) for i = n− 2:
e = [x−1n+2xn+4xn+2, xnxn−2x
−1
n ]
(4),i=n−2
= [xn+4, xn+2xn−2x
−1
n+2].
This relation can be rewritten, by using Relation (10), as:
xnxn+2xnxn−1 · · ·x1xn+2xn−2x
−1
n+2 = xn−2xnxn+2xnxn−1 · · ·x1.
Now, by Relations (3) (for i = n− 2), we get:
xnxn+2xnxn−1xn−2xn+2xn−2x
−1
n+2x
−1
n−2 = xn−2xnxn+2xnxn−1.
By Relations (6) (for i = n− 2), we get:
xn+2xnx
−1
n+2xn−2 = xn−2xn+2xnx
−1
n+2.
In a similar way, we get [xi, xn+2xnx
−1
n+2] = e, for 1 ≤ i ≤ n − 3. As
done above, we substitute this time Relation (10) in Relation (9) to
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get: [xn−1, xn+2xnx
−1
n+2] = e. We combine both induced relations in
Relations (5) below, to get:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(3) (xixn+2)
2 = (xn+2xi)
2, where i = 1, . . . , n+ 1, n+ 4
(4) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(5) [xi, xn+2xnx
−1
n+2] = e, where 1 ≤ i ≤ n− 1
(6) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n− 1
(7) [x−1n−1xn+1xn−1, xi] = e, where 1 ≤ i ≤ n− 2
(8) [xn+1, xn+4] = e
(9) xn+4(xn+2xn)2xn−1 · · · x1 = e.
We simplify now Relation (8) by substituting Relation (1) and Re-
lation (9):
x−1n+2xnxn+2 · (xn+2xn)
2xn−1 · · ·x1 = (xn+2xn)
2xn−1 · · ·x1 · x
−1
n+2xnxn+2.
Using Relations (3) for i = n, we get [xn+2xnx
−1
n+2, xn−1 · · ·x1] = e,
which is known already by Relations (5), and therefore is redundant.
Moreover, using Relations (1), (3) and (4), Relations (7) (for i = n−2)
can be translated to:
e = [xn+1, xn−1xn−2x
−1
n−1] = [x
−1
n+2xnxn+2, xn−1xn−2x
−1
n−1] =
= [xnxn+2xnx
−1
n+2x
−1
n , xn−1xn−2x
−1
n−1] = [xn+2xnx
−1
n+2, xn−1xn−2x
−1
n−1].
This relation is known already by Relations (5). If we check the other
cases i = n−3, . . . , 1, we get [xn+2xnx
−1
n+2, xn−1xix
−1
n−1], for 1 ≤ i ≤ n−3.
These relations are known by Relations (5). Therefore, Relations (7)
are redundant.
Notice that it is possible to combine Relations (5) and (6) to the
general form [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n. So we get:
(1) xn = xn+2xn+1x
−1
n+2
(2) xn+2 = x
−1
1 x
−1
2 · · ·x
−1
n−2x
−1
n−1x
−1
n+2xn+4xn+2x
−1
n+4xn+2xn−1xn−2 · · ·x2x1
(3) (xixn+2)
2 = (xn+2xi)
2, where i = 1, . . . , n+ 1, n+ 4
(4) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(5) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n
(6) xn+4(xn+2xn)
2xn−1 · · ·x1 = e.
Relation (xn+1xn+2)
2 = (xn+2xn+1)
2 (from Relations (3)) can be
translated to (xnxn+2)
2 = (xn+2xn)
2 by substituting Relation (1), and
therefore is redundant.
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Our goal now is to omit xn+4. By Relations (3) for i = n and
Relations (4) and (6), Relation (3) for i = n + 4 can be rewritten as
(by substituting xn+4 from Relation (2))
(xn+2 · xnxn−1 · · ·x1)
2 = (xnxn−1 · · ·x1 · xn+2)
2.
Using Relation (6) again, Relation (2) becomes:
xn+2 = x
−1
1 · · ·x
−1
n−1x
−1
n+2(x
−1
1 · · ·x
−1
n−1(xn+2xn)
−2)xn+2 ·
·((xn+2xn)
2xn−1 · · ·x1)xn+2xn−1 · · ·x1,
which can be written as (xn+2 · xn−1 · · ·x1)
2 = (xn−1 · · ·x1 · xn+2)
2. By
Relation (1), the generator xn+1 is omitted. By Relation (6), xn+4 can
be omitted too. Therefore, we have the following presentation:
Generators: {x1, . . . , xn, xn+2}
Relations:
(1) (xn+2 · xn−1 · · ·x1)
2 = (xn−1 · · ·x1 · xn+2)
2
(2) (xixn+2)
2 = (xn+2xi)
2, where 1 ≤ i ≤ n
(3) (xn+2 · xnxn−1 · · ·x1)
2 = (xnxn−1 · · ·x1 · xn+2)
2
(4) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(5) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n
Now, we show that Relations (1) and (3) are redundant. Let us
denote b := xn, a := xn−1 · · ·x1 and x := xn+2. In these notations,
we have the relations [a, b] = e (by Relations (4)), (bx)2 = (xb)2 (by
Relations (2)), (ax)2 = (xa)2 (by Relation (1)) and [xbx−1, a] = e (by
Relations (5)). We simplify Relation (3), which is (bax)2 = (xba)2. We
do it as follows:
baxbax = xbaxba → baxbx−1xax = xbaxbx−1xa→
→ bxbx−1axax = xbxbx−1axa.
The last resulting relation is redundant (that means that Relation (3)
is redundant).
We show now that Relation (1) is redundant too. First, we write
this relation in detail:
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xn+2 · xn−1xn−2 · · ·x2x1 · xn+2 · xn−1xn−2 · · ·x2x1 =
= xn−1xn−2 · · ·x2x1 · xn+2 · xn−1xn−2 · · ·x2x1 · xn+2.
We add the expression x−1n+2xn+2 = e:
xn+2xn−1xn−2 · · ·x2x1(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x2x
−1
n+2)xn+2x1 =
= xn−1xn−2 · · · x2x1(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x2x
−1
n+2)xn+2x1xn+2.
By Relations (5), x1 commutes with all expressions in the brackets.
Therefore we get:
xn+2xn−1xn−2 · · ·x2(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x2x
−1
n+2)x1xn+2x1 =
= xn−1xn−2 · · · x2(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x2x
−1
n+2)x1xn+2x1xn+2.
Since by Relations (2), (x1xn+2)
2 = (xn+2x1)
2, we get:
xn+2xn−1xn−2 · · ·x2(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x3x
−1
n+2)(xn+2x2x
−1
n+2) =
= xn−1xn−2 · · ·x2(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x3x
−1
n+2)xn+2x2.
Again by Relations (5), x2 commutes with all the expressions in the
brackets. Hence we have:
xn+2xn−1xn−2 · · ·x3(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x3x
−1
n+2)x2xn+2x2 =
= xn−1xn−2 · · · x3(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x3x
−1
n+2)x2xn+2x2xn+2.
Since by Relations (2), (x2xn+2)
2 = (xn+2x2)
2, we get a shorter form:
xn+2xn−1xn−2 · · ·x3(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · (xn+2x3x
−1
n+2) =
= xn−1xn−2 · · ·x3(xn+2xn−1x
−1
n+2)(xn+2xn−2x
−1
n+2) · · · xn+2x3.
We continue in the same manner for x3, x4, . . . , xn−2 in order to get
the following relation:
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xn+2xn−1(xn+2xn−1x
−1
n+2)xn−2xn+2xn−2x
−1
n+2 = xn−1(xn+2xn−1x
−1
n+2)xn−2xn+2xn−2.
Since (xn−2xn+2)
2 = (xn+2xn−2)
2 (by Relations (2)), we get (xn−1xn+2)
2 =
(xn+2xn−1)
2, which appear already in Relations (2). Therefore, Rela-
tion (1) is redundant.
We finally get the requested presentation for pi1(CP
2 − Tn,0) with
x1, . . . , xn, xn+2 as generators and with the following relations:
(1) (xixn+2)
2 = (xn+2xi)
2, where 1 ≤ i ≤ n
(2) [xi, xn] = e, where 1 ≤ i ≤ n− 1
(3) [xi, xn+2xjx
−1
n+2] = e, where 1 ≤ i < j ≤ n,
as needed.
By the above results, we can conclude:
Corollary 3.10. The affine and projective fundamental groups of a
conic-line arrangement, composed of two conics, which are tangent to
each other at two points, and n tangent lines, are big.
Proof. We have seen that the projective fundamental group of two tan-
gent conics is 〈a, b|(ab)2 = (ba)2 = e〉 ∼= Z ∗ Z/2, which is big, as we
saw in Corollary 2.9.
Since the projective fundamental group is a quotient of the affine
fundamental group by the projective relation, the affine fundamental
group is big too.
Now, let A be a conic-line arrangement with two conics and with
some additional tangent lines. Since the arrangement composed of two
tangent conics is a sub-arrangement of A, and the fundamental groups
of two tangent conics are big, we have that the fundamental groups of
A are big too.
4. The fundamental group of the complement of two
tangent conics with n +m tangent lines
In this section, we compute the fundamental group of the comple-
ment of the arrangement Tn,m consisting of two tangent conics, n lines
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which are tangent to one of the conics and m lines which are tangent
to the other one.
4.1. The braid monodromy factorizations. In this subsection we
present the BMF of the arrangements T1,1, T2,1, T2,2 and we shall com-
pute the BMF of the arrangement Tn,m for any n,m. Note that we
dealt with the arrangement T1,1 in [1], and we give here its BMF ∆
2
T1,1
.
Lemma 4.1. Let T1,1 be a conic-line arrangement composed of two
tangent conics (at two points) and two tangent lines, each is tangent
to a different conic, see Figure 13.
1
3
4
5
6
7
8
910
11
12
13
Q2
Q1
2
Figure 13. The arrangement T1,1
Then its BMF is
∆2T1,1 = Z
2
23 · Z¯
2
24 · (Z56)
Z−225 · Z425 · Z
4
46 · Z
4
13 · (Z34)
Z213Z
2
46 ·
·(Z216)
Z213 · (Z215)
Z212 · (Z34)
Z245 · Z212 · Z
4
45 · Z56.
In a similar way, one can compute the BMFs of T2,1 and T2,2:
Lemma 4.2. Let T2,1 be a conic-line arrangement composed of two
tangent conics (at two points) and three additional lines, two of them
are tangent to the first conic, and the third one is tangent to the second
conic, see Figure 14.
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Q1
2Q
Figure 14. The arrangement T2,1
Then its BMF is:
∆2T2,1 = Z23 · Z
2
67 · Z
4
13 · Z
4
24 · Z
4
57 · (Z45)
Z¯224Z
2
57 · (Z227)
Z224Z
2
23 · (Z237)
Z213 ·
·Z436 · (Z
2
17)
Z213 · (Z45)
Z−234 Z
2
13 · (Z434)
Z213 · (Z215)
Z213 · (Z215)
Z213 ·
·(Z23)
Z236Z¯
−2
13 · Z246 · (Z
2
56)
Z215Z
2
13 · (Z216)
Z215Z
2
13 .
Lemma 4.3. Let T2,2 be a conic-line arrangement composed of two
tangent conics (at two points) and four additional lines, two of them
are tangent to the first conic, and the two others are tangent to the
second conic, see Figure 15.
Q
Q1
2
Figure 15. The arrangement T2,2
FUNDAMENTAL GROUPS OF TANGENT CONICS AND TANGENT LINES 29
Then its BMF is:
∆2T2,2 = Z23 · Z
2
67 · Z
4
13 · Z
4
24 · Z
4
57 · (Z45)
Z¯224Z
2
57 · (Z227)
Z224Z
2
23 · (Z237)
Z213 ·
·(Z268)
Z267 · (Z¯228)
Z¯268 · (Z238)
Z237Z
2
35Z
2
13 · Z426 · (Z
2
17)
Z213 ·
·(Z45)
Z−258 Z
−2
78 Z
−2
34 Z
2
13 · (Z458)
Z257 · (Z218)
Z217Z
2
13 · Z278 · (Z
2
15)
Z213 ·
·(Z434)
Z213 · (Z215)
Z213 · (Z23)
Z−212 Z¯
2
26 · (Z246)
Z245 · (Z256)
Z215Z
2
13 · (Z216)
Z215Z
2
13 .
Now, we compute the BMF of Tn,m.
Proposition 4.4. Let Q1, Q2 be two tangent conics in CP
2. Consider
two sets of n and m lines, such that n lines are tangent to Q2, and m
lines are tangent to Q1. Denote: Tn,m = Q1∪Q2∪(
⋃n
i=1 Li)∪(
⋃m
j=1 L
′
j).
Then:
∆2Tn,m = Z23 · (Z23)
Z−212
n+4Q
i=6
Z¯22i
· (Z45)
Z¯224Z
2
5,n+5 · Z˜45 · Z¯
4
24 · (Z
4
34)
Z213 ·
·Z413 ·
n+4∏
i=6
Z¯42i ·
n+m+4∏
i=n+5
(Z45i)
Z25,n+5 · (Z215)
Z213 ·
n+4∏
i=6
[
(Z24i)
Z245 · (Z25i)
Z215Z
2
13
]
·
·
n+4∏
i=6
(Z21i)
Z215Z
2
13 ·
∏
6≤i<j≤n+4
(Z¯2ij)
Z¯22i · (Z22,n+5)
Z224Z
2
23 · (Z23,n+5)
Z213 ·
·
n+m+4∏
i=n+6
[
(Z¯22i)
(
6Q
j=n+4
Z¯−22j )
· Z˜23i
]
·
n+m+4∏
i=n+6
Z2n+5,i ·
∏
n+6≤i<j≤n+m+4
(Z2ij)
Z−25i Z
2
5,n+5 ·
·
n+m+4∏
i=n+5
(Z21i)
Z21,n+5Z
2
13 ·
n+4∏
i=6
[ n+m+4∏
j=n+5
(Z2ij)
(
jQ
k=n+5
Z−2
kj
)]
The skeletons of Z˜45 and Z˜
2
3i appear in Figure 16.
Proof. By a similar technique to what we have used for computing the
BMF of Tn,0, we compute the BMF of Tn,m.
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1
2 4
5
6 n+4
n+5
n+6 n+m+4
i3
1
2
3
4
5
6 n+4
n+5
n+6 n+m+4
Figure 16. Skeletons for the BMF of Tn,m
We first construct the BMF of T1,m by generalizing the BMF of T1,1,
T1,2, T1,3:
∆2T1,m = Z23 · (Z23)
Z−212 · (Z45)
Z¯224Z
2
56 · Z˜ ′45 · Z¯
4
24 · (Z
4
34)
Z213 · Z413 ·
m+5∏
i=6
(Z45i)
Z256 ·
·(Z215)
Z213 · (Z226)
Z224Z
2
23 · (Z236)
Z213 ·
(m+5∏
i=7
[
Z¯22i · Z˜
′
2
3i
])
·
m+5∏
i=7
Z26i ·
·
∏
7≤i<j≤m+5
(Z2ij)
Z−25i Z
2
56 ·
m+5∏
i=6
(Z21i)
Z216Z
2
13 .
Then we proceed in the same manner to compute the BMF of T2,m
and T3,m, as presented in the following table. The table is constructed
as follows: in each row we write the factors which are related to the
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same type of singularities in the different arrangements.
∆2T1,m ∆
2
T2,m
∆2T3,m
(1) Z23 Z23 Z23
(2) (Z23)
Z
−2
12 (Z23)
Z
−2
12
Z¯2
26 (Z23)
Z
−2
12
Z¯2
26
Z¯2
27
(3) (Z45)Z¯
2
24
Z2
56 (Z45)Z¯
2
24
Z2
57 (Z45)Z¯
2
24
Z2
58
(4) Z˜′45 Z˜
′′
45 Z˜
′′′
45
(5) Z¯424 · (Z
4
34)
Z2
13 Z¯424 · (Z
4
34)
Z2
13 Z¯424 · (Z
4
34)
Z2
13
(6) Z413 Z
4
13 · Z¯
4
26 Z
4
13 ·
Q
i=6,7
Z¯42i
(7)
m+5Q
i=6
(Z45i)
Z2
56
m+6Q
i=7
(Z45i)
Z2
57
m+7Q
i=8
(Z45i)
Z2
58
(8) (Z215)
Z2
13 (Z215)
Z2
13 · (Z246)
Z2
45 · (Z256)
Z2
15
Z2
13 (Z215)
Z2
13 ·
7Q
i=6
h
(Z24i)
Z2
45 · (Z25i)
Z2
15
Z2
13
i
(9) − (Z216)
Z2
15
Z2
13
7Q
i=6
(Z21i)
Z2
15
Z2
13 · (Z267)
Z¯2
26
(10) (Z226)
Z2
24
Z2
23 · (Z236)
Z2
13 · (Z227)
Z2
24
Z2
23 · (Z237)
Z2
13 · (Z228)
Z2
24
Z2
23 · (Z238)
Z2
13 ·
·
m+5Q
i=7
h
Z¯22i · Z˜
′
3i
2
i
·
m+6Q
i=8
h
(Z¯22i)
Z¯
−2
26 · Z˜′′3i
2
i
·
m+7Q
i=9
h
(Z¯22i)
Z¯
−2
27
Z¯
−2
26 · Z˜′′′3i
2
i
(11)
m+5Q
i=7
Z26i·
m+6Q
i=8
Z27i·
m+7Q
i=9
Z28i·
·
Q
7≤i<j≤m+5
(Z2ij)
Z
−2
5i
Z2
56 ·
Q
8≤i<j≤m+6
(Z2ij)
Z
−2
5i
Z2
57 ·
Q
9≤i<j≤m+7
(Z2ij)
Z
−2
5i
Z2
58
(12)
m+5Q
i=6
(Z21i)
Z2
16
Z2
13
m+6Q
i=7
(Z21i)
Z2
17
Z2
13 ·
m+7Q
i=8
(Z21i)
Z2
18
Z2
13 ·
·
m+6Q
j=7
(Z26j)
(
jQ
k=7
Z
−2
kj
)
·
7Q
i=6
hm+7Q
j=8
(Z2ij)
(
jQ
k=8
Z
−2
kj
)i
The skeletons of Z˜ ′45, Z˜
′′
45, Z˜
′′′
45 and Z˜
′
3i
2
, Z˜ ′′3i
2
, Z˜ ′′′3i
2
appear in Figures 17
and 18 respectively.
2
1
7
m+686
5
4
3
2
1
3
7 m+56
5
4
3
2
1
8
97 m+76
5
4
Figure 17. The skeletons of Z˜ ′45, Z˜
′′
45, Z˜
′′′
45
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5
4
4
4
3
3
3
2
2
2
1
1
1 5
m+7i98
76
m+6i87
6
6 m+5i7
5
Figure 18. The skeletons of Z˜ ′3i
2
, Z˜ ′′3i
2
, Z˜ ′′′3i
2
Rows (1) and (2) correspond to the branch points of Q1. Rows (3)
and (4) correspond to the branch points of Q2. Row (5) corresponds to
the two tangency points between Q1 and Q2. Row (6) corresponds to
the tangency points between Q1 and the lines which are tangent to it.
Row (7) corresponds to the tangency points between Q2 and the lines
which are tangent to it. Row (8) corresponds to the intersection points
between the lines {Li}
n
i=1 and the conic Q2. Row (9) corresponds to
the intersection points between the lines {Li}
n
i=1 themselves. Row (10)
corresponds to the intersection points between the lines {L′j}
m
j=1 with
Q1. Row (11) corresponds to the intersection points between the lines
{L′j}
m
j=1 themselves. Row (12) corresponds to the intersection points
between the lines {Li}
n
i=1 and {L
′
j}
m
j=1.
In the next step, we generalize the factorization for any n, i.e. we
compute ∆2Tn,m . In the following table, each row includes the general
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form of the corresponding row in the previous table:
∆2Tn,m
(1) Z23
(2) (Z23)
Z−212
n+4Q
i=6
Z¯22i
(3) (Z45)
Z¯224Z
2
5,n+5
(4) Z˜45
(5) Z¯424 · (Z
4
34)
Z213
(6) Z413 ·
n+4∏
i=6
Z¯42i
(7)
n+m+4∏
i=n+5
(Z45i)
Z25,n+5
(8) (Z215)
Z213 ·
n+4∏
i=6
[
(Z24i)
Z245 · (Z25i)
Z215Z
2
13
]
(9)
n+4∏
i=6
(Z21i)
Z215Z
2
13 ·
∏
6≤i<j≤n+4
(Z¯2ij)
Z¯22i
(10) (Z22,n+5)
Z224Z
2
23 · (Z23,n+5)
Z213 ·
n+m+4∏
i=n+6
[
(Z¯22i)
(
6Q
j=n+4
Z¯−22j )
· Z˜23i
]
(11)
n+m+4∏
i=n+6
Z2n+5,i ·
∏
n+6≤i<j≤n+m+4
(Z2ij)
Z−25i Z
2
5,n+5
(12)
n+m+4∏
i=n+5
(Z21i)
Z21,n+5Z
2
13 ·
n+4∏
i=6
[ n+m+4∏
j=n+5
(Z2ij)
(
jQ
k=n+5
Z−2
kj
)]
The skeletons of Z˜45 and Z˜
2
3i appear in Figure 16.
4.2. The corresponding fundamental groups. In this section, we
compute the fundamental group of the complement of the general ar-
rangement Tn,m, n,m ≥ 1.
Note that the arrangement T1,1 appears already in [1], therefore we
cite here the presentation of its fundamental group:
Proposition 4.5. Let T1,1 be the curve defined in Lemma 4.1, see
Figure 13.
Then:
pi1(CP
2 − T1,1) ∼= 〈x1〉 ⊕ 〈x2, x3 | (x2x3)
2 = (x3x2)
2〉.
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Now, we prove Theorem 1.1 by computing the simplified presenta-
tion of the fundamental group of Tn,m:
Proof of Theorem 1.1:
Using the van Kampen Theorem on ∆2Tn,m (computed in Proposition
4.4), we get the following presentation for pi1(CP
2 − Tn,m):
Generators: {x1, x2, x3, x4, x5, x6, x7, . . . , xn+4, xn+5, . . . , xn+m+4}.
Relations:
(1) x2 = x3
(2) x3 = x
−1
1 x
−1
3 x
−1
4 x
−1
5 · xn+4xn+3 · · ·x3x2x
−1
3 · · · x
−1
n+3x
−1
n+4 · x5x4x3x1
(3) x4x3x2x
−1
3 x4x3x
−1
2 x
−1
3 x
−1
4 = xn+5x5x
−1
n+5
(4) x3x1x
−1
3 x
−1
1 x
−1
3 x4x3x1x3x
−1
1 x
−1
3 = x
−1
5 ·x
−1
n+5x
−1
n+6 · · · x
−1
n+m+4·xn+5x5x
−1
n+5·xn+m+4 · · ·xn+6xn+5·
x5
(5) (x3x2x
−1
3 x4)
2 = (x4x3x2x
−1
3 )
2
(6) (x3x1x3x
−1
1 x
−1
3 x4)
2 = (x4x3x1x3x
−1
1 x
−1
3 )
2
(7) (x1x3)2 = (x3x1)2
(8) (x2 · x
−1
3 x
−1
4 · · ·x
−1
i−1xixi−1 · · ·x4x3)
2 = (x−13 x
−1
4 · · · x
−1
i−1xixi−1 · · · x4x3 · x2)
2,
where 6 ≤ i ≤ n+ 4
(9) (x5xn+5)2 = (xn+5x5)2
(10) (x5x
−1
n+5xixn+5)
2 = (x−1n+5xixn+5x5)
2, where n+ 6 ≤ i ≤ n+m+ 4
(11) [x3x1x
−1
3 , x5] = e
(12) [x5x4x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(13) [x5x3x1x
−1
3 x5x3x
−1
1 x
−1
3 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(14) [x5x3x1x
−1
3 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4.
(15) [xj−1xj−2 · · ·x4x3x2x
−1
3 x
−1
4 · · ·x
−1
i−2x
−1
i−1xixi−1xi−2 · · ·x4x3x
−1
2 x
−1
3 x
−1
4 · · ·x
−1
j−2x
−1
j−1, xj ] =
e, where 6 ≤ i < j ≤ n+ 4
(16) [x4x3x2x
−1
3 x
−1
4 , xn+5] = e
(17) [x3x1x3x
−1
1 x
−1
3 , xn+5] = e
(18) [x5x4x3x2x
−1
3 x
−1
4 x
−1
5 , x
−1
n+5x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · ·xn+6xn+5] = e,
where n+ 6 ≤ i ≤ n+m+ 4
(19) [x5x3x1x3x
−1
1 x
−1
3 x
−1
5 , x
−1
n+5x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · ·xn+6xn+5] = e,
where n+ 6 ≤ i ≤ n+m+ 4
(20) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(21) [xn+5x
−1
5 x
−1
n+5xixn+5x5x
−1
n+5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(22) [x3x1x
−1
3 , x
−1
n+5xixn+5] = e, where n+ 5 ≤ i ≤ n+m+ 4
(23) [xi, x
−1
n+5x
−1
n+6 · · · x
−1
j−1xjxj−1 · · ·xn+6xn+5] = e, where 6 ≤ i ≤ n+ 4 and
n+ 5 ≤ j ≤ n+m+ 4
(24) xn+m+4xn+m+3 · · · x4x3x2x1 = e. (Projective relation).
Since x2 = x3 and (x1x3)
2 = (x3x1)
2 (by Relations (1) and (7)), we
derive a simpler presentation as follows (we combine Relations (5) and
(7) into one set):
Generators: {x1, x2, x4, x5, x6, x7, . . . , xn+4, xn+5, . . . , xn+m+4}.
Relations:
(1) x−11 x2x1 = x
−1
4 x
−1
5 · xn+4xn+3 · · ·x4x2x
−1
4 · · · x
−1
n+3x
−1
n+4 · x5x4
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(2) x4x2x4x
−1
2 x
−1
4 = xn+5x5x
−1
n+5
(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 ·x
−1
n+5x
−1
n+6 · · · x
−1
n+m+4·xn+5x5x
−1
n+5·xn+m+4 · · ·xn+6xn+5·
x5
(4) (x2xi)2 = (xix2)2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x−14 · · · x
−1
i−1xixi−1 · · · x4x2)
2 = (x−12 x
−1
4 · · ·x
−1
i−1xixi−1 · · ·x4x
2
2)
2,
where 6 ≤ i ≤ n+ 4
(7) (x5xn+5)2 = (xn+5x5)2
(8) (x5x
−1
n+5xixn+5)
2 = (x−1n+5xixn+5x5)
2, where n+ 6 ≤ i ≤ n+m+ 4
(9) [x2x1x
−1
2 , x5] = e
(10) [x5x4x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(11) [x5x2x1x
−1
2 x5x2x
−1
1 x
−1
2 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(12) [x5x2x1x
−1
2 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4.
(13) [xj−1xj−2 · · ·x4x2x
−1
4 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · x4x
−1
2 x
−1
4 · · ·x
−1
j−2x
−1
j−1, xj ] = e,
where 6 ≤ i < j ≤ n+ 4
(14) [x4x2x
−1
4 , xn+5] = e
(15) [x−11 x2x1, xn+5] = e
(16) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+5x
−1
n+6 · · ·x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6xn+5] = e,
where n+ 6 ≤ i ≤ n+m+ 4
(17) [x5x
−1
1 x2x1x
−1
5 , x
−1
n+5x
−1
n+6 · · ·x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6xn+5] = e,
where n+ 6 ≤ i ≤ n+m+ 4
(18) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(19) [xn+5x
−1
5 x
−1
n+5xixn+5x5x
−1
n+5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(20) [x2x1x
−1
2 , x
−1
n+5xixn+5] = e, where n+ 5 ≤ i ≤ n+m+ 4
(21) [xi, x
−1
n+5x
−1
n+6 · · · x
−1
j−1xjxj−1 · · ·xn+6xn+5] = e,
where 6 ≤ i ≤ n+ 4 and n+ 5 ≤ j ≤ n+m+ 4
(22) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
Now we apply Relations (4) and (18) to get a much convenient pre-
sentation (we also combine Relations (7) and (8) into one set):
(1) x−11 x2x1 = x
−1
4 x
−1
5 · xn+4xn+3 · · ·x4x2x
−1
4 · · · x
−1
n+3x
−1
n+4 · x5x4
(2) x−12 x4x2 = xn+5x5x
−1
n+5
(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6 · x5
(4) (x2xi)
2 = (xix2)
2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x−14 · · · x
−1
i−1xixi−1 · · · x4x2)
2 = (x−12 x
−1
4 · · ·x
−1
i−1xixi−1 · · ·x4x
2
2)
2,
where 6 ≤ i ≤ n+ 4
(7) (x5xi)2 = (xix5)2, where n+ 5 ≤ i ≤ n+m+ 4
(8) [x2x1x
−1
2 , x5] = e
(9) [x5x4x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(10) [x5x2x1x
−1
2 x5x2x
−1
1 x
−1
2 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(11) [x5x2x1x
−1
2 x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4.
(12) [xj−1xj−2 · · ·x4x2x
−1
4 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · x4x
−1
2 x
−1
4 · · ·x
−1
j−2x
−1
j−1, xj ] = e,
where 6 ≤ i < j ≤ n+ 4
(13) [x4x2x
−1
4 , xn+5] = e
(14) [x−11 x2x1, xn+5] = e
(15) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(16) [x5x
−1
1 x2x1x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
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(17) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(18) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(19) [x2x1x
−1
2 , xi] = e, where n+ 5 ≤ i ≤ n+m+ 4
(20) [xi, x
−1
n+6 · · ·x
−1
j−1xjxj−1 · · · xn+6] = e, where 6 ≤ i ≤ n+ 4 and n+ 5 ≤ j ≤ n+m+ 4
(21) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
By Relations (9) we get the following simplified relations (we combine
Relations (8), (11), (19) into one set):
(1) x−11 x2x1 = x
−1
4 x
−1
5 · xn+4xn+3 · · ·x4x2x
−1
4 · · · x
−1
n+3x
−1
n+4 · x5x4
(2) x−12 x4x2 = xn+5x5x
−1
n+5
(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6 · x5
(4) (x2xi)
2 = (xix2)
2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x−14 · · · x
−1
i−1xixi−1 · · · x4x2)
2 = (x−12 x
−1
4 · · ·x
−1
i−1xixi−1 · · ·x4x
2
2)
2,
where 6 ≤ i ≤ n+ 4
(7) (x5xi)2 = (xix5)2, where n+ 5 ≤ i ≤ n+m+ 4
(8) [x2x1x
−1
2 , xi] = e, where 5 ≤ i ≤ n+m+ 4
(9) [x5x4x
−1
5 , xi] = e, where 6 ≤ i ≤ n+ 4
(10) [x5, xi] = e, where 6 ≤ i ≤ n+ 4
(11) [xj−1xj−2 · · ·x4x2x
−1
4 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · x4x
−1
2 x
−1
4 · · ·x
−1
j−2x
−1
j−1, xj ] = e,
where 6 ≤ i < j ≤ n+ 4
(12) [x4x2x
−1
4 , xn+5] = e
(13) [x−11 x2x1, xn+5] = e
(14) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(15) [x5x
−1
1 x2x1x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(16) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(17) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(18) [xi, x
−1
n+6 · · ·x
−1
j−1xjxj−1 · · · xn+6] = e, where 6 ≤ i ≤ n+ 4 and n+ 5 ≤ j ≤ n+m+ 4
(19) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
By Relations (10), Relations (9) become [x4, xi] = e, where 6 ≤ i ≤
n+ 4. These relations enable us to proceed in simplification:
(1) x−11 x2x1 = xn+4xn+3 · · · x6x2x
−1
6 · · ·x
−1
n+3x
−1
n+4
(2) x−12 x4x2 = xn+5x5x
−1
n+5
(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6 · x5
(4) (x2xi)2 = (xix2)2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x−16 · · · x
−1
i−1xixi−1 · · · x6x2)
2 = (x−12 x
−1
6 · · ·x
−1
i−1xixi−1 · · ·x6x
2
2)
2,
where 6 ≤ i ≤ n+ 4
(7) (x5xi)
2 = (xix5)
2, where n+ 5 ≤ i ≤ n+m+ 4
(8) [x2x1x
−1
2 , xi] = e, where 5 ≤ i ≤ n+m+ 4
(9) [x4, xi] = e, where 6 ≤ i ≤ n+ 4
(10) [x5, xi] = e, where 6 ≤ i ≤ n+ 4
(11) [xj−1xj−2 · · ·x6x2x
−1
6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · x6x
−1
2 x
−1
6 · · ·x
−1
j−2x
−1
j−1, xj ] = e,
where 6 ≤ i < j ≤ n+ 4
(12) [x4x2x
−1
4 , xn+5] = e
(13) [x−11 x2x1, xn+5] = e
(14) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
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(15) [x5x
−1
1 x2x1x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(16) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(17) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(18) [xi, x
−1
n+6 · · ·x
−1
j−1xjxj−1 · · · xn+6] = e, where 6 ≤ i ≤ n+ 4 and n+ 5 ≤ j ≤ n+m+ 4
(19) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
We treat Relations (18). Substituting i = 6 and j = n + 5, we get
[x6, xn+5] = e. Substituting i = 6 and j = n + 6, we get [x6, xn+6] = e.
If we take i = 6 and j = n + 7, we get [x6, x
−1
n+6xn+7xn+6] = e, which
is [x6, xn+7] = e. Continuing this process by substituting i = 6 and
n+8 ≤ j ≤ n+m+4, we get [x6, xj] = e for n+8 ≤ j ≤ n+m+4. Now
we substitute i = 7 and n+5 ≤ j ≤ n+m+4. From these substitutions
we get: [x7, xj ] = e for n + 5 ≤ j ≤ n +m + 4. In the same manner,
we get [xi, xj ] = e for 8 ≤ i ≤ n + 4 and n+ 5 ≤ j ≤ n +m+ 4. This
enables us to simplify the above list of relations (we combine Relations
(9), (10) and (18) into one set):
(1) x−11 x2x1 = xn+4xn+3 · · · x6x2x
−1
6 · · ·x
−1
n+3x
−1
n+4
(2) x−12 x4x2 = xn+5x5x
−1
n+5
(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6 · x5
(4) (x2xi)
2 = (xix2)
2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x−16 · · · x
−1
i−1xixi−1 · · · x6x2)
2 = (x−12 x
−1
6 · · ·x
−1
i−1xixi−1 · · ·x6x
2
2)
2,
where 6 ≤ i ≤ n+ 4
(7) (x5xi)2 = (xix5)2, where n+ 5 ≤ i ≤ n+m+ 4
(8) [x2x1x
−1
2 , xi] = e, where 5 ≤ i ≤ n+m+ 4
(9) [xi, xj ] = e, where 6 ≤ i ≤ n+ 4 and j = 4, 5, n+ 5, . . . , n+m+ 4
(10) [xj−1xj−2 · · ·x6x2x
−1
6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · x6x
−1
2 x
−1
6 · · ·x
−1
j−2x
−1
j−1, xj ] = e,
where 6 ≤ i < j ≤ n+ 4
(11) [x4x2x
−1
4 , xn+5] = e
(12) [x−11 x2x1, xn+5] = e
(13) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(14) [x5x
−1
1 x2x1x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(15) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(16) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(17) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
Now we simplify Relations (6) and (10) (we have used this trick of
simplification in the computation of pi1(C
2 − Cn) in Section 2).
We start by substituting i = 6 in Relations (6) to get (x2x6)
2 =
(x6x2)
2. We continue with i = 6, j = 7 in Relations (10) to get
[x−12 x6x2, x7] = e (using (x2x6)
2 = (x6x2)
2). Using these two relations,
we simplify Relations (6) for i = 7: (x2x
−1
6 x7x6)
2 = (x−16 x7x6x2)
2. We
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add the expression x−12 x2 = e in four locations as follows:
x6x2x
−1
6 (x
−1
2 x2)x7x6x2x
−1
6 (x
−1
2 x2)x7 = x7x6x2x
−1
6 (x
−1
2 x2)x7x6x2x
−1
6 (x
−1
2 x2).
Since (x2x6)
2 = (x6x2)
2, we can rewrite the relation as:
x−12 x
−1
6 x2x6x2x7x
−1
2 x
−1
6 x2x6x2x7 = x7x
−1
2 x
−1
6 x2x6x2x7x
−1
2 x
−1
6 x2x6x2.
We use the relation [x−12 x6x2, x7] = e to get:
x−12 x
−1
6 x2x6x2x
−1
2 x
−1
6 x2x7x6x2x7 = x
−1
2 x
−1
6 x2x7x6x2x
−1
2 x
−1
6 x2x7x6x2,
namely x2x7x6x2x7 = x7x2x7x6x2. We add the expression x2x
−1
2 = e
to get x2x7(x2x
−1
2 )x6x2x7 = x7x2x7x6x2, and using [x
−1
2 x6x2, x7] = e,
we get (x2x7)
2 = (x7x2)
2.
Now we proceed with i = 6, j = 8 and then i = 7, j = 8 in Rela-
tions (10) to get [x−12 x6x2, x8] = e and [x
−1
2 x7x2, x8] = e respectively.
These relations enable us to simplify the relation (x2x
−1
6 x
−1
7 x8x7x6)
2 =
(x−16 x
−1
7 x8x7x6x2)
2 (which we get from Relations (6) for i = 8) to
(x2x8)
2 = (x8x2)
2.
In the same manner, we conclude that Relations (6) and (10) can be
simplified to (x2xi)
2 = (xix2)
2 for 6 ≤ i ≤ n + 4 and [x−12 xix2, xj ] = e
for 6 ≤ i < j ≤ n+ 4 respectively.
Relation (12) gets the form [x2, xn+5] = e by substituting Relation
(1) in it and by using Relations (9).
Relations (14) can be rewritten by substituting Relation (1) in them
(for n+ 6 ≤ i ≤ n+m+ 4):
[x5xn+4xn+3 · · ·x6x2x
−1
6 · · ·x
−1
n+3x
−1
n+4x
−1
5 , x
−1
n+6 · · ·x
−1
i−2x
−1
i−1xixi−1xi−2 · · ·xn+6] = e.
Now, by Relations (9), we get:
[x5x2x
−1
5 , x
−1
n+6 · · ·x
−1
i−2x
−1
i−1xixi−1xi−2 · · ·xn+6] = e.
For i = n + 6, we get [x5x2x
−1
5 , xn+6] = e. Now, for i = n + 7, we get
[x5x2x
−1
5 , x
−1
n+6xn+7xn+6] = e. By [x5x2x
−1
5 , xn+6] = e, it is simplified to
[x5x2x
−1
5 , xn+7] = e. In the same way, we get that Relations (14) are
equivalent to [x5x2x
−1
5 , xi] = e, for n + 6 ≤ i ≤ n +m+ 4.
Therefore we have the following list of relations:
(1) x−11 x2x1 = xn+4xn+3 · · · x6x2x
−1
6 · · ·x
−1
n+3x
−1
n+4
(2) x4 = x2xn+5x5x
−1
n+5x
−1
2
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(3) x−11 x
−1
2 x1x4x
−1
1 x2x1 = x
−1
5 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6 · x5
(4) (x2xi)
2 = (xix2)
2, where i = 1, 4
(5) (x−11 x2x1x4)
2 = (x4x
−1
1 x2x1)
2
(6) (x2xi)2 = (xix2)2, where 6 ≤ i ≤ n+ 4
(7) (x5xi)
2 = (xix5)
2, where n+ 5 ≤ i ≤ n+m+ 4
(8) [x2x1x
−1
2 , xi] = e, where 5 ≤ i ≤ n+m+ 4
(9) [xi, xj ] = e, where 6 ≤ i ≤ n+ 4 and j = 4, 5, n+ 5, . . . , n+m+ 4
(10) [x−12 xix2, xj ] = e, where 6 ≤ i < j ≤ n+ 4
(11) [x4x2x
−1
4 , xn+5] = e
(12) [x2, xn+5] = e
(13) [x5x4x2x
−1
4 x
−1
5 , x
−1
n+6 · · · x
−1
i−2x
−1
i−1xixi−1xi−2 · · · xn+6] = e, where n+6 ≤ i ≤ n+m+4
(14) [x5x2x
−1
5 , xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(15) [xn+5, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(16) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(17) xn+m+4xn+m+3 · · · x5x4x22x1 = e.
By Relation (2), we can omit x4 and replace it everywhere by
x2xn+5x5x
−1
n+5x
−1
2 .
We start with Relations (4). Take (x2x4)
2 = (x4x2)
2. This relation
is rewritten as:
x2 · x2xn+5x5x
−1
n+5x
−1
2 · x2 · x2xn+5x5x
−1
n+5x
−1
2 =
= x2xn+5x5x
−1
n+5x
−1
2 · x2 · x2xn+5x5x
−1
n+5x
−1
2 · x2.
By Relation (12) we easily get:(x2x5)
2 = (x5x2)
2.
Now we consider Relation (11):
e = [x4x2x
−1
4 , xn+5] =
= [x2xn+5x5x
−1
n+5x
−1
2 · x2 · x2xn+5x
−1
5 xn+5x2, xn+5] =
= [x5x2x
−1
5 , xn+5].
By the above resulting relations, we can simplify also Relations (13):
e = [x5 · x2xn+5x5x
−1
n+5x
−1
2 · x2 · x2xn+5x
−1
5 x
−1
n+5x
−1
2 · x
−1
5 , x
−1
n+6 · · ·x
−1
i−1xixi−1 · · · xn+6] =
= [x2, x
−1
n+6 · · · x
−1
i−1xixi−1 · · · xn+6],
for n + 6 ≤ i ≤ n +m + 4. For i = n + 6, we get [x2, xn+6] = e. For
i = n+ 7, we get [x2, x
−1
n+6xn+7xn+6] = e, and by the previous relation,
we get [x2, xn+7] = e. In the same manner, we get [x2, xi] = e, for
n+ 6 ≤ i ≤ n+m+ 4.
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From Relations (9), we have [xi, x4] = e, where 6 ≤ i ≤ n + 4. By
Relation (2), e = [xi, x4] = [xi, x2xn+5x5x
−1
n+5x
−1
2 ]. By Relations (9)
and (12), we get for 6 ≤ i ≤ n + 4: [xi, x2x5x
−1
2 ] = e.
We rewrite now Relation (5), by substituting Relations (1) and (2)
in it:
xn+4 · · · x6x2x
−1
6 · · ·x
−1
n+4 · x2xn+5x5x
−1
n+5x
−1
2 · xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4 · x2xn+5x5x
−1
n+5x
−1
2 =
= x2xn+5x5x
−1
n+5x
−1
2 · xn+4 · · · x6x2x
−1
6 · · ·x
−1
n+4 · x2xn+5x5x
−1
n+5x
−1
2 · xn+4 · · ·x6x2x
−1
6 · · · x
−1
n+4.
Since [xn+5, xi] = e, for i = 2, 6, . . . , n + 4 (by Relations (9) and
(12)),
xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4x2x5x
−1
2 · xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4x2x5x
−1
2 =
= x2x5x
−1
2 xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4 · x2x5x
−1
2 xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4.
Now, since we proved above that [xi, x2x5x
−1
2 ], for 6 ≤ i ≤ n + 4, we
get x2x5x2x5 = x5x2x5x2, which is a consequence from Relations (4)
(see above).
Therefore, we have:
Generators: {x1, x2, x5, x6, x7, . . . , xn+4, xn+5, . . . , xn+m+4}.
Relations:
(1) x−11 x2x1 = xn+4xn+3 · · · x6x2x
−1
6 · · ·x
−1
n+3x
−1
n+4
(2) x−11 x
−1
2 x1 ·x2xn+5x5x
−1
n+5x
−1
2 ·x
−1
1 x2x1 = x
−1
5 ·x
−1
n+6 · · ·x
−1
n+m+4 ·x5 ·xn+m+4 · · ·xn+6 ·
x5
(3) (x2xi)2 = (xix2)2, where i = 1, 5, 6, . . . , n+ 4
(4) (x5xi)
2 = (xix5)
2, where n+ 5 ≤ i ≤ n+m+ 4
(5) [x2x1x
−1
2 , xi] = e, where 5 ≤ i ≤ n+m+ 4
(6) [xi, xj ] = e, where 6 ≤ i ≤ n+ 4 and j = 5, n+ 5, . . . , n+m+ 4
(7) [xi, x2x5x
−1
2 ], where 6 ≤ i ≤ n+ 4
(8) [x−12 xix2, xj ] = e, where 6 ≤ i < j ≤ n+ 4
(9) [x2, xi] = e, where n+ 6 ≤ i ≤ n+m+ 4
(10) [x5x2x
−1
5 , xi] = e, where n+ 5 ≤ i ≤ n+m+ 4
(11) [xn+5, xi] = e, where i = 2, n+ 6, . . . , n+m+ 4
(12) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n+m+ 4
(13) xn+m+4xn+m+3 · · · x5x2xn+5x5x
−1
n+5x2x1 = e.
Now we use the projective relation (Relation (13)) in order to omit
the generator x1.
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We rewrite Relation (1), by substituting x1:
xn+m+4 · · ·x5x2xn+5x5x
−1
n+5x2x2x
−1
2 xn+5x
−1
5 x
−1
n+5x
−1
2 x
−1
5 · · ·x
−1
n+m+4 =
= xn+4 · · ·x6x2x
−1
6 · · ·x
−1
n+4.
By Relations (6) and (11), we get:
xn+m+4 · · ·xn+5x5x2xn+5x5x2x
−1
5 x
−1
n+5x
−1
2 x
−1
5 x
−1
n+5 · · ·x
−1
n+m+4 = x2.
By Relations (9) and (10), we have:
xn+5x5x2x5x2x
−1
5 x
−1
2 x
−1
5 x
−1
n+5 = x2.
Now, by Relations (3),
xn+5x2x
−1
n+5 = x2,
which is known already in (11).
Now we simplify (x1x2)
2 = (x2x1)
2, which appears in Relations (3).
By substituting x1 and some immediate cancellations,
xn+4 · · ·x6x5x2xn+5x5xn+m+4 · · ·xn+6xn+4 · · ·x6 =
= x−12 xn+4 · · ·x6x5x2xn+5x5xn+m+4 · · ·xn+6xn+4 · · ·x6x2.
By Relations (6) and (9),
xn+4 · · ·x6x5x2xn+5x5xn+4 · · ·x6 = x
−1
2 xn+4 · · ·x6x5x2xn+5x5xn+4 · · ·x6x2.
Since [xi, x5] = e for 6 ≤ i ≤ n + 4 (by Relations (6)), we get
xn+4 · · ·x6x5x2xn+5xn+4 · · ·x6x5 = x
−1
2 xn+4 · · ·x6x5x2xn+5xn+4 · · ·x6x5x2,
which is:
xn+4 · · ·x6x5x2xn+5xn+4 · · ·x6x5x
−1
2 x
−1
5 = x
−1
2 xn+4 · · ·x6x5x2xn+5xn+4 · · ·x6.
By Relations (6) and (10),
xn+4 · · ·x6x5x2xn+4 · · ·x6x5x
−1
2 x
−1
5 = x
−1
2 xn+4 · · ·x6x5x2xn+4 · · ·x6.
Now we add x2x
−1
2 = e in two locations:
x2xn+4 · · ·x6(x2x
−1
2 )x5x2xn+4 · · ·x6x5x
−1
2 x
−1
5 = xn+4 · · ·x6(x2x
−1
2 )x5x2xn+4 · · ·x6.
By Relations (7),
x2xn+4 · · ·x6x2xn+4 · · ·x6x
−1
2 x5x2x5x
−1
2 x
−1
5 = xn+4 · · ·x6x2xn+4 · · ·x6x
−1
2 x5x2.
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Since (x2x5)
2 = (x5x2)
2 (see Relations (3)), we get:
x2xn+4 · · ·x6x2xn+4 · · ·x6 = xn+4 · · ·x6x2xn+4 · · ·x6x2.
Now we add again x2x
−1
2 = e as follows:
x2(x2x
−1
2 )xn+4(x2x
−1
2 ) · · · (x2x
−1
2 )x7(x2x
−1
2 )x6x2xn+4 · · ·x6 =
= xn+4(x2x
−1
2 ) · · · (x2x
−1
2 )x6x2xn+4 · · ·x6x2.
We can rewrite the relation as follows:
x2(x
−1
2 xn+4x2)x
−1
2 · · ·x2(x
−1
2 x7x2)(x
−1
2 x6x2)xn+4 · · ·x6 =
= (x−12 xn+4x2)x
−1
2 · · ·x2(x
−1
2 x7x2)(x
−1
2 x6x2)xn+4 · · ·x6x2,
and using Relations (8), we get:
x2(x
−1
2 xn+4x2)xn+4 · · · (x
−1
2 x7x2)x7(x
−1
2 x6x2)x6 =
= (x−12 xn+4x2)xn+4 · · · (x
−1
2 x7x2)x7(x
−1
2 x6x2)x6x2.
Since by Relations (3) we have (x2xi)
2 = (xix2)
2 for 6 ≤ i ≤ n+4, this
relation is redundant.
Relation (2) can be simplified by substituting Relation (1) and using
Relations (6) and (11):
xn+5 · xn+4 · · · x6 · x
−1
2 · x
−1
6 · · ·x
−1
n+4 · x2x5x
−1
2 · xn+4 · · ·x6 · x2 · x
−1
6 · · ·x
−1
n+4 · x
−1
n+5 =
= x−15 · x
−1
n+6 · · · x
−1
n+m+4 · x5 · xn+m+4 · · · xn+6 · x5.
By Relations (6) and (7),
x5xn+5x5x
−1
n+5x
−1
5 = x
−1
n+6 · · ·x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6.
Using again (x5xn+5)
2 = (xn+5x5)
2, we get:
x−1n+5x5xn+5 = x
−1
n+6 · · ·x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6,
which can be rewritten as:
(∗) xn+m+4 · · ·xn+6 · x5 · xn+5 = xn+5 · x5 · xn+m+4 · · ·xn+6.
We will see now that Relations (5) are all redundant. We split it
into four subcases, according to the value of i:
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• If we substitute i = 5 in Relations (5), we have [x1, x
−1
2 x5x2] =
e, which can be simplified to:
xn+m+4 · · ·x5x2xn+5x5x
−1
n+5x5 = x
−1
2 x5x2xn+m+4 · · ·x5x2xn+5x5x
−1
n+5.
By adding x−15 x5 = e and using (x5xn+5)
2 = (xn+5x5)
2, we get:
xn+m+4 · · ·xn+6xn+5xn+4 · · ·x6x5x2x
−1
5 x
−1
n+5x5xn+5x5 =
= x−12 x5x2xn+m+4 · · ·xn+6xn+5xn+4 · · ·x6x5x2x
−1
5 x
−1
n+5x5xn+5.
By Relations (6), (7) and (10),
xn+m+4 · · ·xn+6x5x2xn+5x5x
−1
n+5x
−1
5 = x
−1
2 x5x2xn+m+4 · · ·xn+6x5x2x
−1
5 .
By Relations (10), (11) and (x2x5)
2 = (x5x2)
2:
xn+m+4 · · ·xn+6x5xn+5x5x
−1
n+5x
−1
5 x2 = x5x2xn+m+4 · · ·xn+6.
By Relations (9) and (x5xn+5)
2 = (xn+5x5)
2,
x−1n+5x5xn+5 = x
−1
n+6 · · ·x
−1
n+m+4x5xn+m+4 · · ·xn+6,
which is known already (by (∗)).
• For 6 ≤ i ≤ n + 4, we have [x1, x
−1
2 xix2] = e. By some cancel-
lations, we have:
xn+m+4 · · ·x5x2xn+5x5x
−1
n+5xi = x
−1
2 xix2xn+m+4 · · ·x5x2xn+5x5x
−1
n+5.
By Relations (6) and (9), xn+4 · · ·x6x5x2xi = x
−1
2 xix2xn+4 · · ·x6x5x2.
In this relation we substitute first i = 6 to get (by Relations
(8)):
x6x5x2x6 = x
−1
2 x6x2x6x5x2,
which is [x6, x
−1
2 x5x2] = e. This relation appears already in Re-
lations (7). Now we substitute i = 7 to get (again by Relations
(8)):
x7x6x5x2x7 = x
−1
2 x7x2x7x6x5x2,
which is x6x5x2x7 = x2x7x
−1
2 x6x5x2. The addition of x2x
−1
2 = e
in two locations, enables us to translate
x−12 x6(x2x
−1
2 )x5x2x7 = x7x
−1
2 x6(x2x
−1
2 )x5x2
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to (x−12 x6x2)(x
−1
2 x5x2)x7 = x7(x
−1
2 x6x2)(x
−1
2 x5x2), which is of
course redundant by Relations (8). As for the other indices, all
relations are redundant in a similar way.
• If i = n+5, we have by Relations (11): [x1, xn+5] = e. By some
immediate cancellations, we get:
xn+m+4xn+m+3 · · ·x5x2 = xn+5xn+m+4xn+m+3 · · ·x5x2xn+5x5x
−1
n+5x
−1
5 x
−1
n+5.
By Relations (6) and (11), we have x5x2 = xn+5x5x2xn+5x5x
−1
n+5x
−1
5 x
−1
n+5.
By Relations (4) and (10), the relation is redundant.
• For n+6 ≤ i ≤ n+m+4, we have by Relations (9): [x1, xi] = e.
Substituting Relation (13), we have:
xn+m+4 · · ·x5x2xn+5x5x
−1
n+5x2xi = xixn+m+4 · · ·x5x2xn+5x5x
−1
n+5x2,
which is (by Relations (6), (9) and (11)):
xn+m+4 · · ·xn+6x5x2xn+5x5xi = xixn+m+4 · · ·xn+6x5x2xn+5x5.
We add x−15 x5 = e in two locations as follows:
xn+m+4 · · ·xn+6x5x2(x
−1
5 x5)xn+5x5xi = xixn+m+4 · · ·xn+6x5x2(x
−1
5 x5)xn+5x5.
This enables us to use Relations (10) and to cancel x5x2x
−1
5 :
xn+m+4 · · ·xn+6x5xn+5x5xi = xixn+m+4 · · ·xn+6x5xn+5x5.
By Relation (∗), we can rewrite it as:
xn+5x5xn+m+4 · · ·xn+6x5xi = xixn+5x5xn+m+4 · · ·xn+6x5.
By relations (11), we get [x−15 xix5, xn+m+4 · · ·xn+6x
2
5] = e.
Now we substitute i = n + 6:
x−15 xn+6x5xn+m+4 · · ·xn+6x
2
5 = xn+m+4 · · ·xn+6x
2
5x
−1
5 xn+6x5.
By Relations (12), we get xn+6x5xn+6x5 = x5xn+6x5xn+6, which
is known already (by Relations (4)).
Now we substitute i = n+ 7:
x−15 xn+7x5xn+m+4 · · ·xn+6x5 = xn+m+4 · · ·xn+6x5xn+7,
Again, by Relations (12), we get:
x−15 xn+7x5xn+7xn+6x5 = xn+7xn+6x5xn+7,
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and by (x5xn+7)
2 = (xn+7x5)
2 (Relations (4)), we get:
x5xn+7x
−1
5 xn+6x5 = xn+6x5xn+7.
Now, since [xn+7, x
−1
5 xn+6x5] = e (Relations (12)), this relation
is redundant.
In a similar way, the relations [x1, xi] = e for n + 6 ≤ i ≤
n +m+ 4, are redundant.
Therefore the resulting presentation is as follows:
Generators: {x2, x5, x6, x7, . . . , xn+4, xn+4, xn+5, . . . , xn+m+4}.
Relations:
(1) x−1n+5x5xn+5 = x
−1
n+6 · · ·x
−1
n+m+4 · x5 · xn+m+4 · · ·xn+6
(2) (x2xi)
2 = (xix2)
2, where i = 5, 6, . . . , n+ 4
(3) (x5xi)
2 = (xix5)
2, where n + 5 ≤ i ≤ n +m+ 4
(4) [xi, xj ] = e, where 6 ≤ i ≤ n+4 and j = 5, n+5, . . . , n+m+4
(5) [xi, x2x5x
−1
2 ], where 6 ≤ i ≤ n + 4
(6) [x−12 xix2, xj ] = e, where 6 ≤ i < j ≤ n+ 4
(7) [x2, xi] = e, where n + 6 ≤ i ≤ n +m+ 4
(8) [x5x2x
−1
5 , xi] = e, where n+ 5 ≤ i ≤ n+m+ 4
(9) [xn+5, xi] = e, where i = 2, n+ 6, . . . , n+m+ 4
(10) [x−15 xix5, xj ] = e, where n+ 6 ≤ i < j ≤ n +m+ 4,
as stated in Theorem 1.1.
As we have seen in Corollary 3.10, the projective fundamental groups
of this section are big.
Remark 4.6. Note that if we substitute m = 0 in the presentation of
Theorem 1.1, we get exactly the presentation of Tn,0 given in Theorem
3.9.
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